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The present paper deals with a generic class of problems for plates subjected to 
loadings combining a high in-plane tension and a small lateral pressure. It develops 
the governing differential equations in the singular pertubation form, through the 
postulation of retaining only one of the Kirchhoff’s assumptions, that the plate 
thickness in the boundary layer region is invariant. The solution by using the 
standard perturbation method is discussed. The postulation is justified when it is 
demonstrated that in the shear boundary layer the plate thickness is of higher-order 
smallness. The general method of solution by the standard perturbation technique is 
applied to an annular plate problem. Problems of different combinations of 
supports at the inner and the outer boundaries are solved. The case in which both 
edges are simply supported is presented as an illustration of the solution technique. 
In other cases results only are presented. The effect of support on the boundaries is 
also discussed. The shear effect is found to be most significant at a clamped edge. 
In the special geometry, it is possible to demonstrate that, when the condition on 
membrane force is not met as required in the general theory, thagnitude of the 
boundary layer changes. Specifically, the paper presents a case in which the 
membrhich the membrane force is zero at the inner edge. 
NOMENCLATURE 
Ai, Bi,.Ci, Diy Fi, Ki 
a, b 
c [=pL*/Nh] 
c 
Dm;=Eh3/12(1 - v’)] 
E.( ) [=O(P”)] 
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coefficients in the expansion 
inner and outer radii of annular plate 
non-dimensionalized lateral load = 0( 1) 
inner product contraction of a tensor 
plate stiffness 
Young’s modulus 
error terms in 0, 13, !F 
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M 
N 
p(xi> 
P, R 
P 
5 [=r/b] 
r^ [(f-O/41 
J [=(i- 1)/d] 
s 
s7 
u(xi) 
5 [=U/NL’] 
w(xi) 
+ [w/h1 
w* [=h$] 
Pa I 
X3 
2 [=x/L] 
a, P 
6 
;, 
I- 
P 
metric tensor 
unit outer normal to boundary of planar region 
expansions of 0, W, !P 
boundary-layer expansions of 0, W, Fa 
plate thickness 
characteristic length of plate (e.g., the outer 
radius of a circular plate) 
non-dimensionalized couple on boundar 
exponential factor of E 
characteristic in-plane force (e.g. the membrane 
tension on the outer boundary) 
membrane tensions on interior and exterior 
boundaries of plate 
points in neighborhood of r 
constant parameters 
lateral load 
radial cordinate 
dimensionless radial coordinate 
distorted radial coordinate in interior boundary 
layer 
distorted radial coordinate in exterior boundary 
layer 
non-dimensionalized in-plane force on boundary 
cross-shear on boundary 
generalized Airy stress function 
non-dimensionalized generalized Airy stress 
function 
uniform valid asymptotic expansions of 
(0, G’, Y”) respectively 
lateral displacement function of plate 
non-dimensionalized lateral displacement 
planar coordinates of plate 
cooordinatte normal to plate 
non-dimensionalized plate coordinates 
planar indices 
small parameter to be related to E 
small parameter 
dimensionless boundary-layer thickness, to be 
related to E, L$ is the physical thickness 
plate boundary points in (2) 
modulus of rigidity 
Poison’s ratio 
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distorted boundary-layer coordinates 
shear strain components associated with the 
normal coordinate x3 
I. THE GENERAL THEORY 
1.1. Introduction 
The present paper deals with a generic class of boundary-value problems 
of thin plates subjected to a high tensile membrane force and a certain small 
lateral load. The ratio of plate thickness to a characteristic planar dimension 
is small. The planar region of the plate may well be multiply connected. 
The classical governing equations of KkrhanSt. Venant’s for such 
problems are a pair of coupled equations of the generalized Airy stress 
function and the lateral deflection function. They are adequate for the global 
behavior of the plate, but fail to apply on and in the neighborhood of the 
boundary of the plate. More exact theories have been proposed, yet with 
limited success in application to actual boundary-value problems (literature 
review in Ref. [ 1 I). 
The inadequacy of the classical plate theory has received a renewed 
interest since Reissner [2]. Subsequent works by Gol’denveizer [3] and 
Tiffen and Sayer [4] have further refined the plate theory for which the shear 
effect is not altogether negligible. For plates of combined membrane and 
flexural deformations, the refined theory has been extended to the area of 
plate buckling. Friedrichs et al. (Ref. [ 11) first observed the boundary-layer 
phenomenon. Their use of classical equations was pointed out to be inade- 
quate by Taylor and Masur [5], who analyzed the buckling of a circular 
plate taking into consideration the shear effect. 
For plate problems of combined lateral loading and membrane force, 
Friedrichs and Dressler [7] proposed a three-dimensional state of stress in 
the neighborhood of the boundary. Some stress components in [7] are 
matched with the corresponding ones of the outer region (region of plate not 
in the neighborhood of the boundary layer), in which the Kirchhoffs 
postulations still hold. The computation is indeed rather complicated even 
for the simple case of a rectangular plate. A modification of the problem of 
Friedrichs and Dressler is achieved in the present paper with simpler 
governing differential equations in the boundary-layer egion. The problem is 
first restricted to that of a large in-plane load. The small-deformation theory 
of plate holds in the region away from the boundary. In the boundary-layer 
region one of Kirchhofl’s assumptions, that the thickness of the plate is 
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invariant, still applies. The justification will be demonstrated if the plate 
thickness is proven to be of small order to the resulting boundary-layer 
thickness, in which the shear effect exists. 
1.2. Governing Differential Equations 
On the basis of the postulations that the shear boundary layer, though of 
small order compared to the planar plate dimension, is yet considerably 
larger than the plate thickness, we shall retain only one of the Kirchhoffs 
assumptions, namely, that the normal to the plane is undeformed. The 
resulting set of differential equations is of the Habip form [6] 
v2vzu + $ [w, w] = 0, (1) 
DV2(V2w - 2V ‘I’) - [w, u] --p = 0, (2) 
D[(l + v) C,,VV\y + (1 - v)(V’Y) - V”Vw)] - 2h,~\Y = 0, (3) 
where U is the generalized Airy stress function, which is related to the 
membrane force components by 
N = V’VE - VVU, 
w is the lateral deflection function, E is the Young’s modulus, h is the plate 
thickness, D is the plate stiffness, p is the lateral load, Y = YTj g, and YTj is 
the shear strain component associated with the coordinate along the normal, 
v is the Poisson ratio, p is the modulus of rigidity and C,, designates tensor 
contraction, and finally 
[J; g] =&iig:jj--f;ijg;ij= v2Jv2g- (vvf'vvg)* 
When the shear strain Y is neglected, the above governing differential 
equations reduce to those of the Karma,St. Venant form. 
The set of equations (l), (2), (3) can be transformed into non- 
dimensionalized form by defining the following dimensionless quantities, 
f+=w U Y3 L 
h’ 
a=-..-- 
NL* ’ 
pa=-.--, 
h 
$2, 
L 
a= 1,2, 
(4) 
where xi is the physical component of the coordinate, L is the characteristic 
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length in the plane of the plate, N is the characteristic membrane force, e.g., 
the-tension on the outer boundary. Hence (l), (2), (3) become 
v2v2i7 t &G,W,=O, 
12NLf;13 _ v2) [V%7% - 2vyv . F)] - I$, q - c = 0, 
9= 12(1 r”)L2[(l t V) C,,(VVV) + (1 -V) v*q - V2(VW)], 
where C = p(L’/Nh) is the non-dimensionalized lateral load. 
With the introduction of two small parameters, 
Eh3 h2 
El =x and &2=-r, L 
Eqs. (5), (6), (7) assume the perturbation form 
v2v2il + + [W, I?]= 0, 
l2(lEl v’) [V2V2i3 - 2V2(V q] - [CQ, V] - c= 0, 
iji= 5 
12(1 -v) 
[(l + V) Ci3(VVV) + (1 - v) v2q - V”(Vti)]. 
(5) 
(6) 
(7) 
(8) 
(9) 
(10) 
(11) 
The presencee of two perturbation parameters (ai, e2) leads to analytical 
complexity. In order to further simplify the problem, a single small 
parameter, E, together with a positive real number M, is introduced to relate 
E, and E, as 
E, =& and E2 = EM. (12) 
The final form of governning differential equations employed for the 
present theory is expressed in terms of planar coordinates as 
v2v2t7 t ; [W, w] = 0, (13) 
12(1T $) [V2V2# - 2vyv S)] - [q V] - c = 0, (14) 
F= 12(f‘: “) [( 1 + v) C,,(VVP) + (1 - v) v2q - V2(Vti)], (15) 
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subject to boundary conditions as follows, 
s = c,,(v*iTE - vvq) @ e,, 
I= D(2v div qe, + (1 - v) [e, . grad 9 + grad q e,] 
- [ vV*$e, + (1 - v) VV$ e,]}, 
(16) 
,!?’ = [s V$] + 2h,& e, + D(2v div 9(VC e,) 
+ (1 - v) [e, grad F + grad p e,] V6 - [vV’W(VG e,) 
+ (1 - v) VVti : (V# @ e,)], 
or its forced boundary condition pair W = W(x, y), where s is the membrane 
force, ris the boundary couple, $’ is the cross-shear and e, is the unit outer 
normal vector to the boundary of the planar region. 
1.3. Solution Procedure 
The set of equations (13), (14), (15) represents a class of singular pertur- 
bation problems, which depends on a positive small parameter E. The full 
expression of the governing equations is of higher order than that of the 
reduced equations, which is obtained by setting E equal to zero. 
For the solution of the above system we construct asymptotic expansions 
of the form 
o= Q+E,(l)=F+f+E,(l), 
g = tin + E,(2) = G + g + E,(2), (17) 
yl” = Y’; + E,(3) = Qa + q” + E,(3), a= 1,2, 
where 
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and 
(19) 
S=O 
F, G, Q* are the outer expansions, which break down in the boundary-layer 
region. f, g, q” are the boundary-layer expansions, which break down in the 
outer region. E,(l), E,(2), E,(3) are error terms. They are of O(P+ ‘), where 
6 is a small parameter which will be related to E upon matching of solutions. 
The uniform asymptotic expansions of solutions I!?, + and lfla are 
constructed by the following steps. First, we find the asymptotic expansions 
of the boundary layer solutionsf, g and q” in the boundary-layer region, by 
introducing a distorted (magnified) coordinate system @, 19) (see Fig. 1) to 
characterize the sharp change of dependent variables (0, +, Y”) in the 
boundary-layer region, where 
(20) 
%ou*rMly Layre PmIoLJ 
FIGURE 1 
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and 4, is the dimensionless boundary-layer thickness. The governing 
equations in (13), (14), (15) are all then in terms of (19) and the distorted 
coordinate as defined in (20). They then become homogeneous equations 
involving power series in 6, which is now identified with the boundary-layer 
thickness 4,) For arbitrary 6, the coefficients of individual exponential orders 
of 6 in the differential equations (13), (14), (15) must be identically zero. 
The inner expansions are thus obtained. 
The asymptotic expansions of the outer solutions F, G, Qn in the outer 
region can be obtained similarly. For the governing equations in the outer 
region, in place of (14) the following equation is used, 
& 1-M -vo~+[[w,q+c=o, l+v (21) 
which is obtained by combining (14) and (15). The asymptotic expansion 
forms of F, G and Qa as defined in (18) and the regular coordinate system 
expressed in (13), (15), (21) will result in homogeneous equations involving 
power series in 6. The outer expansions are thus obtained by the same 
approach as that by which the inner expansions were obtained. The outer 
expansions should vanish in the boundary-layer region while the inner 
expansions vanish in the outer region. However, a uniformly valid 
asymptotic expansions of the solutions can be determined by the use of a 
matching technique at the intermediate region. The solutions are then in the 
final asymptotic forms 
i?=F+f--f,, 
w=G+g-g,,, 
P=Q”+q”-q4g, 
C-22) 
where f,, g,,, q,” are the outer limits of inner expansions (1, g, q^) as 
matching terms. 
1.4. Discussion 
In order to have a reasonable perturbation problem, two limitations have 
to be imposed on the range of application of this paper. First, the [W, W] 
term in (13) must be such that the term ([W, W] E) is o(1). Second, the 
nondimensionalized lateral load C in (14) must be not more than O(1). In 
other words, the magnitude of the lateral load p should not exceed 0(Nh/L2). 
The magnitude of the thickness of boundary layer 4, may be determined in 
general, provided that NuD on the boundary is of the same order as N. The 
singular perturbation equation (14) is expressed first in the boundary-layer 
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coordinates. The dependent variables are then expressed in terms of 
boundary-layer solutions S, g, qa. The analysis of the formal domain of 
validity thus follows-that, in order to obtain a complete governing equation 
in the boundary-layer region, the term with the highest order of E and the 
term with the next-highest order in the same singular perturbation equation 
must be of the same order [8]. The highest-order term in (14) is (s/d:) V2V2g 
and the next-highest-order term is [+, 01, which can be expressed in terms of 
the nondimensionalized membrane force Nnq as (l/4:) Na4gCa4, where 
N”” = N=“/N = O( 1). I n order to keep ~14;’ and l/$i of the same order, 4, 
must be s”*. 
We may now compare the relative magnitude between the thickness of the 
boundary layer and the thickness of the plate through a magnitude analysis 
of the positive real number M. Equations in (8) and (12) give 
E iv-1 N/h z-, 
E 
The value of M may then be determined using the following criteria: 
(1) Since the value (N/h)/E in the ordinary physical problems is less 
than one, the value of M must be then greater than one. 
(2) The E” term in (15) should be of an integer order of 6 to be 
compatible with other terms in (13), (14), (15); in other words, the value of 
M is of an integer product of 0.5. 
(3) The value of A4 should be as small as acceptable to maximize the 
effect of shear in (14) (it is noted that the limiting value of M+ 00 in (15) 
leads to the Kirmin-St. Venant plate equations). Therefore, on the basis of 
the above three criteria the value of M must be i. 
From (8) and (12), with A4 = $, we have 
c3/ * = (h/L)* 
or 
E”* = (h/L)2’3 = 4,. 
(24) 
This indicates that the thickness of the boundary layer is greater than the 
thickness of the plate. Thus, the postulation employed in the present paper, 
to neglect the deformation of the plate thickness, is in part justified. 
The development of the boundary-layer thicknes uses the condition that 
some Na4 = O(N) everywhere in the boundary region. For tension plates 
with interior boundary, where the membrane force is of small order, the 
previous development of the boundary-layer thickness may not be applied to 
the interior boundary layer there. Yet individual special cases may be tested 
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for the validity of the assumptions of invariant thickness in the boundary 
layer. The case of an annular plate with a zero tension on the interior 
boundary wil be analyzed in the same manner as an example in the sequel. 
II. THE SHEAR BOUNDARY LAYER FOR A HIGH-TENSION ANNULA PLATE 
2.1. Introduction 
The present part will solve the problem of lateral disturbance of an 
annular tension plate illustrating the technique of applying the perturbation 
method as described in Part I, the general theory. Interior boundary is 
present in the plate for generalization. The range of boundary-layer thickness 
considered here is from 10 to about 55 times the plate thickness depending 
on the relative thickness of the plate. The shear effect in the boundary-layer 
region will be studied for various edge supports. 
The plate is defined by an annular region of outer md inner radii, b and a, 
respectively. Without loss of generality, the lateral disturbance, p, is 
uniformly distributed. The in-plane loads Ni and IV, at inner and outer edges, 
respectively, are also axi-symmetric and are much larger than p. 
2.2. Mathematical Model 
Equations (13), (14), (15) now in the non-dimensionalized axi- 
symmetrical cylindrical coordinates are 
vq=u = - E 
W’ W” 
-3 i 
(26) 
3/2 q&E 
6(1 - v) , (27) 
where b is chosen as the characteristic length 
c=pb’ h ’ 0 = E3/2 
Eh3 
Nh’ 7; ’ E=NbZ* 
All quantities with overbars on are non-dimensionalized quantities, and the 
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prime denotes differentiation with respect to r: Equation (26) can be 
rewritten by use of (27) as follows: 
= 12(1 -v) c + “““+ y. 
(28) 
Equation (28) will reduce to the K&man-St. Venant form when the shear 
term p vanishes. 
One of the boundary conditions, that the twisting couple vanishes on the 
boundary, is automatically satisfied. The remaining boundary conditions in 
the non-dimensionalized variables are 
- + 2”~+~qL”t5j” ( J J ) on r, 
or W* = h$, 
where ST is the membrane radial traction, ST is the cross-shear, 1: is the 
bending moment and r is the totality of the boundary. 
2.3. Construction of the Asymptotic Solutiorls 
Consider the boundary-value problem (25) through (29). If the quantity 
ti’,“/, = 0( l/s) we may employ the perturbation technique to construct an 
asymptotic expansion of solutions of the set of coupled non-linear differential 
equations. 
For the solution of the above system we construct asymptotic expansions 
of the form expressed in (17) through (19). 
For the present geometry, we need two sets of boundary-layer coordinates 
to construct two sets of inner expansions at both the interior and the exterior 
boundaries, transforming all quantities in terms of the boundary-layer coor- 
dinates. In the interior boundary-layer region we define 
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where { = a/b, 4 = the thickness of the boundary-layer region. Equations 
(25), (27), (28) are rewritten for the interior boundary-layer region as 
f”” + Tflll - !cf/’ + $f. + $ g’g” = qfl+ I), 
2 3 
; g”“+~g”‘-~g”+~g’-2 
I ( 
2 3 4 
#Jq~~f++q/L$q’+$q 
)I 
I 
f ‘g” = 12(1 -V’) #“C$ - + f”s’ - 
5 5 I 
+ o((iY+‘), 
E3/2 
‘-6(1-v) I )I 
(31) 
(32) 
= o@“+ ‘), (33) 
where 4 = &‘I’. Choosing 6 = &‘I2 and substituting Eq. (19) into Eqs. (3 1) 
through (33), we obtain a system of equations 
f,““(t) = 0, (34) 
=-- I 
-2 4:‘-,fjq:-?-~~‘,+~q,,-, ( 
+ 12(1- w2) n-1 
Y- 
r ST0 I 
~f:,-,~+,s~+f,“-,+,g:>+~,,Cr 9 
I 
1 
” = 6(1 - V) I 
(36) 
(37) 
where n denotes a positive integer and 6,, is the Kronecker delta. All quan- 
tities with negative subscripts are taken to be zero. 
By finding the solutions for (34) through (37), we can construct a 
boundary-layer expansion that is valid in the interior boundary-layer region 
SHEAR BOUNDARY LAYER OF TENSION PLATES 187 
only. The unknown coefftcients can be determined by the interior boundary 
conditions and the continuity conditions for matching with outer expansions. 
Similarly, in the exterior boundary-layer region of the plate we defined 
_ i-l 
r=-. 
i (38) 
Equations (25), (27), (28) in this boundary-layer coordinate will give 
another system of equations that are similar to (34) through (37) if we 
simply change ? to r” and C to 1 in these equations. 
The outer expansions are constructed with the substitution of (17) and 
(18) into (25), (26), (27). It is to be reiterated that f, g, q vanish in the outer 
region and 4 = E ‘12. By equating the corresponding coefftcients of co, .s1j2, 
1 E ,..., we obtain a system of equations 
V2V2F, = - f ‘z2 (G;G&,), 
S-O 
FbG; + F;IG:, = -6,,Ci- +f (F;G;p, + F;G’,-,) 
s=O 
-L(Q:+,+~Q,+~)~ 1+v 
(39) 
(40) 
&Z---L- 
6(1 -v) ! 
e:-,+;Q:,-,-ken-3 
+fG:&+ (41) 
where n denotes positive integer or zero. All quantities with negative 
subscripts are zero. 
Last, the boundary conditions will be applied to compute the asymptotic 
expansion. Some simple edge conditions are as follows: 
At a simply supported edge (f= 1 or c) 
w*(i) = 0, 
Z,*(i) = 0, (42) 
S,*(t) = Ni 9 S;(l) = N,. 
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At a clamped edge (i= 1 or 5) 
w*(r) = 0, 
Y*(i) - w’*(i) = 0, 
S,“(t)=Ni, S;(l)=N,,. 
At a free edge (?= 1 or <) 
s;(i) = 0, 
q(f) = 0, 
sF(t>=Ni, S;(l) = N,,. 
(43) 
(44) 
At an inner rigid insertion edge (i= r) 
wL3 = 0, 
Y*(r) - Iv(<) = 0, (45) 
R”“(~) - VP(~) = 0. 
We shall conclude the present article by illustrating a case of an annular 
tension plate with both edges simply supported for the construction of the 
uniformly valid asymptotic solutions of O(1). In actual computation, it is 
generally necessary to compute only to solutions not higher than O(E’). 
The boundary conditions in (42) are expressed in boundary coordinates as 
follows: 
fh(?> = tCNilN>l n= 1, 
= 0, nf 1, 
g,(r^) = 0, 
at F=O; (46) 
fhVl = No/N 
4, 
g,(r3 = 0, 
2~q”-,(~+2q~_,(r3-vg:,-,(r?-g~(r?=O, 
n= 1, 
n# 1, 
at i=O. (47) 
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The construction of the asymptotic solutions of order one follows as: In 
the interior boundary layer,&(O) = 0, and Eq. (35) gives 
f y(f) = 0. 
The solution is 
f;(r^)=A,r2+A2P+A,. (48) 
Boundary condition (46) results in 
The outer expansion of order one can be found by use of (39): 
V’V’F,, = 0. 
The solution is 
F, = K, In i + 9 J2 + K,P2 In J + K,. 
For the continuity of displacement, K, = 0; then 
FL = K, + K,f. 
J 
Matching to order one consists in the agreement of the two expansions to 
terms of order one. Let us introduce two new variables such that 
J = r + ‘Ir, and 
The value of 9 is zero at the boundary edge and small in the boundary-value 
region, while in the intermediate region 
T,, is arbitrarily chosen such that the expression above is true. 
In the intermediate region, 
J=r+?p-,-,r and F= (q/4) r, -+ 00. 
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Thus, matching the F terms to f terms at O(l), we have 
r,, fixed 
= Lim K, 
11’0 
T+K,5+O(v)- A, [ (Jy2+A2(3 +A311 =o, 
rv fixed 
resulting in 
A,=A,=O and 
K, 
i+K,<=A,. (53) 
Similarly, in the exterior boundary layer region, we have 
f;(F) = B,? + B,J+ B, 
and boundary condition (47) requires 
BI=%. 
(54) 
(55) 
By using a similar matching method, let 
where q is zero at the boundary edge, small in the boundary layer region, 
while in the intermediate region 
O(#) < WI < O(1) or $4 + ** 
TV is again arbitrarily chosen such that above expression is true. 
In the intermediate region 
Thus, matching to the first order, we required 
B, =B,=O and K,+KZ=Bj. (57) 
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K, and K, can be obtained from (53) and (57) as 
K 
2 
= NO(l - P2t2) 
N( 1 - l’) ’ 
(58) 
where p = NJN,. F and f expansions are now completed to first-order terms. 
The asymptotic expansions of B to order one in the interior boundary- 
layer region can be found by use of (36). By defining 
we have 
P2 _= w - v’) A 
r 
39 (59) 
gtr”(!) - Pgb’(?) = 0. (60) 
The solution of (60) is 
go(?) = $ (DIepi + D2eCP’) + D,? + D, (61) 
and the boundary condition (46) requires 
g,(O) = 0 or (l/P*) (0, + D,) + D, = 0, 
g:(O)= 0 or D,+D,=O. 
(62) 
(63) 
The outer expansion of order one can be found from (40), 
The solution is 
FAGi + F;G; = - Cf. (64) 
Go=--g+&$ln(K,+K2i2)+C2. 
2 2 
Matching (61) with (65) to the first order, we obtain 
(65) 
5;iy (Go - goI 
r,lixed 
= Lim 
I 
- $$ + g ln(K, + K212) f C, + O(q) 
r,,r) fixed 
-~~exp~~~~~~~+T.S.T.+D~i~~ r,+~,]! =o, 
where T.S.T. stands for “transcendentally small term.” 
409/77/l-13 
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For the purpose of matching, we require 
- $ + 2 ln(K, + K,r2) + C, = D, 
2 2 
and 
D,=D,=O. 
From (62) to (67), we have 
D,=D2=Ds=D,=0 or &dr”) = 0 
and 
- $- + 2 ln(K, + K& + C, = 0. 
2 2 
Similarly, in the exterior boundary-layer region, by defining 
R2 = 12(1 - v2) B,, 
we have 
g6”(?) - R’gb’(?) = 0. 
The solution of (7 1) is 
g,(f) = $ (F,eR’ + F2e-R’) + F,? + F,. 
Boundary condition (47) requires 
g,(O) = 0 or & (F, + F,) + F4 = 0, 
g;(O) = 0 or F, + F, = 0. 
Matching (65) with (72) to first order, we have 
F, + F, = 0 
and 
-$+$ln(K, +K,)+C?=F,. 
2 2 
(66) 
(67) 
(68) 
(69) 
(70) 
(71) 
(72) 
(73) 
(74) 
(75) 
(76) 
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From (73) to (76), we have 
F,=F2 =F, =F,=O or &Jr3 = 0, 
-~+$l(K,+K,)+C,=O. 
2 2 
Solving C, and C, from (69) and (78), we have 
at’ - 1) 
‘I = 2{ln(K, + K2c2) - ln(K, + K,)}’ 
C,=-&--&ln(K,+K,)}, 
2 2 
(77) 
(78) 
(79) 
From (37) and (41), the order one terms of the asymptotic expansions of q 
can be given as 
A uniformly valid asymptotic expansion can be constructed by combining 
the inner and outer expansions without duplicating matched terms. 
The uniformly valid asymptotic expansions of order one are 
J~X~+C,ln(K,+K2j2)+C2, 
2 2K2 
(81) 
F, = 0. 
By repeating the above procedures for higher-order terms, we can 
construct a uniformly valid asymptotic expansion. 
Since the solutions are in general lengthy, only the expression of shear 
strain will be presented here to demonstrate the point of interest. 
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where u = i, 1, +,...; the set of {PO} is obtained from asymptotic solutions of 
O(C). The first three terms of Y are 
F, = 0, 
Fl,2 = 
PD, e-Pi _ RF,fli 
12(1 -v) 12(1 -v)’ 
1 
ul, = ~ 
P3F, PD,, 3(1 - v’)A,D, -Pi --- 
6(1 -v) I[ 24(1 -v) 2 2P2C I 
e 
+ 9(1 -v2)A,D, PD, P4D, 
[ 1 1 -Pi -- m 2r + 24(1 - v) re 
3(1 - v2)A,D, i2e-pi 
[ 
R’F, 
24(1 -v) + 
3(1 - v2) B,F, RF, - - 
2r 2R2 
+? eRi 1 
9(1 - v’) B5F9 RF, R4F, 
I 
fgi _ 3(1- v’> BP, F22$1’ 
2R + 2 + 24(1 - v) 2 
where 
K 
I 
= %@2(l -P’) 
lvg2- 1) ’ 
K 
2 
= No(l -P2C2) 
N(1 -<‘) ’ 
R = [ 12(1 - v’)(K, + K,)]“‘, 
A,=s+K,, 
r2 
B,=-K, +K,, 
D, = F, = 0, 
D,=-$c, 
r 
2 ’ 
Ft, = - vF, + ’ 2(;; ““I (C + B,F,). 
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In actual computation, the asymptotic solutions have been carried to the 
O(e3’*) terms. The F,,, term is not included here because of its lengthy 
expression. 
2.4. Boundary-Layer Thickness at Traction-Free Interior Boundary 
For the simple configuration of the annular plate, it is feasible to discuss a 
case for which Ni = 0 at the interior boundary. Such a case was mentioned 
but not treated in general for the development of boundary-layer thickness in 
the general theory. 
For an edge free of in-plane load, the boundary condition (44) requires 
f k(O) = 0. (83) 
By identifying 6 = 4 and substituting (19) into (3 l), we obtain a system of 
equations in the same form as (34) and (35) by equating the corresponding 
coefficients at #O, #‘, 4” ,... . 
The boundary condition (83) together with the matching criterion requires 
that the first two solutions of (34) and (35), i.e., fb and f; vanish in the 
boundary layer of the free edge. 
Similarly, substituting (19) into (32), we have the asymptotic expansion of 
(32). The expansion of the lowest-order term on the left-hand side of the 
equation is (s/d) (gr + #gg’;” + 4’s;“’ + ‘) and the expansion of the lowest- 
order term on the right-hand side of the equation is 
12(1 -v’) 
r 
[fb+~fif++g’f;+,,.)(gb’+~gs;‘+~*g;’+...) 
+ (f;: + q?f,f; + (by-; + ~..>o$J + &g; + !b’g; + . ..>I* 
Therefore, after the expansion, the lowest-order term on the left-hand side of 
the equation is (c/4) g? and that on the right-hand side of the equation is 
By the same argument as that in the general theory we obtain E/# = 4’ or 
qd = E”~. For A4 2 1, 4, > (h/L)‘/‘; or (h/L) = o(4,). 
2.5. Results 
Let us define the maximum shear stress 
t = {(a/2)2 + c$}“*, 
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0 0 
x x 
,,“ozo 
bdddd 
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where 
and also define the relative error as 
where 
fB = the maximum shear stress from the present boundary-layer plate 
theory 
Sc z the maximum shear stress from the classical Karmti-St. Venant 
plate theory. 
The effects of shear in boundary-layer egion are shown in Tables I and II 
for two different plate thickness. It is clear that the contribution of shear 
stress is of particular significance at a clamped edge. Of next importance is 
that of a simply supported edge, and next is that of a rigid insertion edge. 
The solution discussed here represent asymptotic solutions consisting of 
up to O(.s3”) terms. The order of error introduced by omitting the O(E*) 
terms is 1 X lOPi4 for the case tabulated in Table I and 1 X 1O-8 for the 
case tabulated in Table II. 
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